The mixing-length-based parameterization of horizontal diffusion, which was originally proposed by Smagorinsky, is revisited. The complete tendencies of horizontal momentum diffusion, the associated frictional heating, and horizontal diffusion of sensible heat in spherical geometry are derived. The formulations are modified for the terrain-following vertical-hybrid-coordinate system in a way that ensures energy and angular momentum conservation at each layer. Test simulations with a simple general circulation model, run at T42 horizontal resolution and for permanent January conditions, confirm the conservation properties and highlight the enhancement of nonlinear horizontal diffusion in areas of high baroclinic activity. The simulated internal variability is dependent on the nature of the horizontal diffusion, with high-frequency variability being enhanced over the northern continents and low-frequency variability being increased (decreased) over the Pacific (Atlantic) Ocean when using nonlinear rather than linear diffusion. Locally reduced horizontal dissipation over Europe is compensated by increased dissipation owing to vertical diffusion, indicating the potential importance of nonlinear horizontal diffusion for gravity waveresolving simulations. Inspection of the spectral energy reveals that the scheme needs to be modified in order to damp unbalanced ageostrophic motions at the smallest resolved scales more efficiently. A corresponding empirical modification is proposed and proves to work properly.
Introduction
Atmospheric circulation models that resolve synoptic-scale waves need to contain horizontal diffusion in order to prevent the accumulation of enstrophy and kinetic energy at the smallest resolved scales. Horizontal diffusion (other equivalent terms are lateral or scaleselective horizontal damping), therefore, offsets the enstrophy cascade in the free atmosphere and helps to parameterize the dissipation of kinetic energy at unresolved scales (Tung and Orlando 2003) . In the climatological mean, the adiabatic conversion of available potential energy into kinetic energy must be balanced by the irreversible loss of kinetic energy due to friction. In a model this loss is, in addition to boundary layer friction, to a significant extent due to horizontal momentum diffusion (Becker 2003a) . Therefore, the efficiency of the Lorenz energy cycle and the kinetic energy spectra simulated by circulation models are highly sensitive to the order and strength of the horizontal diffusion scheme (e.g., Barnes and Young 1992; Alexeev et al. 1996; Smith 2004; Tung 2004) . Moreover, enhanced horizontal diffusion is often used to impose a sponge layer, which atmospheric circulation models need in order to control wave reflection at the model top (DKRZ 1992; Roeckner et al. 1996) .
In atmospheric circulation models lateral damping may be applied using numerical filters or may be implicitly included in advanced advection schemes (e.g., Thuburn 1997 ). Most commonly though, an explicit scale-selective damping is added to the equations of motion. Such an explicit method is either linear or nonlinear. In a linear scheme, the spectral damping coefficients are prescribed such that the resulting tendencies are linear in the horizontal wind and temperature fields. Alternatively, the diffusion coefficient can be defined as a nonlinear function of the horizontal wind, and in this case the horizontal diffusion is said to be nonlinear.
Linear schemes are usually applied in spectral models, because they can easily be computed in spectral space. To achieve a high-scale selectivity, the diffusion is raised to biharmonic or higher orders (e.g., Boville 1991; Kiehl et al. 1996; Roeckner et al. 1996) or the damping coefficients for the spectral amplitudes are chosen empirically (e.g., Laursen and Eliasen 1989; DKRZ 1992) . However, when using hyperdiffusion, angular momentum conservation is usually violated and a physically consistent dissipative heating cannot be formulated (Becker 2001 (Becker , 2003b , the inclusion of which has been shown to cause statistically significant changes in the model climate (Burkhardt and Becker 2006) .
Nonlinear horizontal diffusion was originally proposed by Smagorinsky (1963) . Assuming a Cartesian coordinate system, he derived a nonlinear coefficient for horizontally isotropic diffusion, which is proportional to the norm of the rate of strain dyadic (hereafter: strain tensor). This method might also be interpreted as a mixing-length concept when the ideas of Prandtl are applied to the dissipation of enstrophy in two-dimensional turbulence. In this respect, Smagorinsky's nonlinear parameterization is more physically based than any linear scheme. When using explicit diffusion, nonlinear schemes have therefore become the preferred method in gridpoint models, in which a linear scheme is not technically advantageous. Furthermore, using nonlinear harmonic diffusion enables the consistent formulation of momentum diffusion and dissipative heating while damping only at times and places of strong horizontal shear.
Various modifications of Smagorinsky's formulation from 1963 have been proposed and implemented in gridpoint models developed since then. The original horizontal diffusion coefficient (Smagorinsky 1963 ) yields
Here, u and denote the zonal and meridional wind and ‫ץ‬ x ϭ (a e cos ) Ϫ1 ‫ץ‬ and ‫ץ‬ y ϭ a
Ϫ1
e ‫ץ‬ , where a e is the earth's radius, is longitude, and is latitude. A straightforward implementation of this diffusion coefficient would be problematic when using spherical geometry and would result in pole problems. Therefore, Eq. (1) needs to be modified. For instance, Andrews et al. (1983) introduced the form
which is still in use in the SKYHI middle-atmosphere general circulation model (K. Hamilton 2003, personal communication) . Grell et al. (1995) and Alexeev et al. (1996) used a nonlinear diffusion coefficient proportional to Eq. (1) along with a biharmonic diffusion of zonal and meridional wind components. Another modification of Smagorinsky's original formula was suggested by Gordon and Stern (1982) . Their diffusion coefficient may be written as [see Eqs. (49)- (56) in their paper]
͑3͒
Later on, Smagorinsky (1993) himself proposed a modification. His revised method yields
and applies consistently in spherical geometry, as will be confirmed in the next section. As far as we know, this new horizontal diffusion coefficient has not been implemented in GCMs or mesoscale models yet, nor has the corresponding scheme been elaborated to such an extent as to provide the complete set of diffusion and dissipation tendencies for modelers. The intention of the present study is to provide a complete recipe of how to incorporate the ideas of Smagorinsky (1993) in GCMs or mesoscale models that require spherical geometry. Particular emphasis is spent on the first principles of hydrodynamics and on conservation properties associated with the vertical discretization. The outline of the paper is as follows. In section 2 we adopt the stress-tensor formulation of Becker (2001 Becker ( , 2003a and show how Smagorinsky's nonlinear horizontal diffusion coefficient can be interpreted as a generalization of Prandtl's mixing-length concept. Then we derive the expressions for friction, dissipation, and diffusion of sensible heat (temperature) with the geometric height z as the vertical coordinate. Section 3 provides modifications such that the scheme conserves angular momentum and energy in any vertical-hybrid-coordinate system. In section 4, the new formulations are tested using an idealized spectral troposphere-stratosphere GCM. On the one hand, life cycle experiments are performed in order to study the conservation properties of the nonlinear horizontal diffusion scheme (section 4a). On the other hand, climate runs are analyzed to study the changes in the diffusion, dissipation, and large-scale variability patterns when replacing linear by nonlinear horizontal diffusion (section 4b). We furthermore propose an extension of Smagorinsky's idea in order to constrain the excitation of non-balanced ageostrophic motions at high horizontal wavenumbers. Our conclusions are given in section 5.
General formulation
The two forms of the stress tensor that describe horizontally isotropic diffusion of horizontal momentum yield in spherical geometry (Becker 2001 (Becker , 2003a : corresponds to twice the shallow-atmosphere analog of the tensor of deformation velocities (Sommerfeld 1978 , his section 1) when retaining only the horizontal shear of the horizontal motion. Here, ϭ e z · (١ ϫ v) ϭ ‫ץ‬ x Ϫ ‫ץ‬ y u ϩ u tan/a e is horizontal vorticity. The geometric terms (e z /a e ‫ؠ‬ v) ϩ (e z /a e ‫ؠ‬ v) T ensure that the frictional stress at horizontally aligned Eulerian sectional planes vanishes, which is a necessary condition that any reasonable stress tensor for horizontal momentum diffusion must fulfill. We refer to S h and S h0 ϭ S h Ϫ D͑e x ‫ؠ‬ e x ϩ e y ‫ؠ‬ e y ͒ ϭ e x ‫ؠ‬ e x ͑D Ϫ 2Ѩ y ͒ ϩ e x ‫ؠ‬ e y ͑ ϩ 2Ѩ y u͒ ϩ e y ‫ؠ‬ e x ͑ ϩ 2Ѩ y u͒ Ϫ e y ‫ؠ‬ e y ͑D Ϫ 2Ѩ y ͒ ͑8͒ as strain tensors. The index 0 indicates that the trace of the strain tensor S h0 is zero, while it is 2 D for S h .
The nonlinear forms of K h and K h0 can be defined analogously to Prandtl's theory for turbulence in boundary layer shear flow. Let us first recapitulate that the vertical momentum diffusion is described by the stress tensor
with the corresponding strain tensor given by
The well-known mixing-length formulation of the vertical diffusion coefficient is
͑11͒
Here, l z is a mixing length and
2 denotes the Frobenius norm of the strain tensor S z divided by ͌2. Furthermore, a minimum wind shear S zmin is introduced such that spatial derivatives of K z are always defined. The frictional heating (dissipation) associated with vertical momentum diffusion can easily be expressed using the strain tensor norm
The idea of Smagorinsky (1963) assumes that the relationship (11) between the turbulent diffusion coefficient and the corresponding strain tensor holds generally. For the horizontal diffusion coefficients in Eqs. (5) and (6) this leads to
and ͑13͒
where l h is a prescribed mixing length and S hmin is a minimum horizontal wind shear. Using Eqs. (7) and (8), the tensor norms can be shown to be
Equations (14) and (16) (13) and (15)] is simply the nonlinear diffusion coefficient that corresponds to the stress-tensor formulation proposed in Becker (2001) , which is, except for the trace of the strain tensor, equivalent to Smagorinsky's ansatz.
We procede in deriving the complete friction and frictional heating tendencies associated with the strain tensor in Eq. (7) and the corresponding diffusion coefficient in Eq. (13). Making no scaling assumption for or K h , the tendency of the horizontal wind vector owing to horizontal momentum diffusion must be written as
.
͑17͒
The first term on the rhs of Eq. (17) has been given in Becker (2001) :
In the nonlinear case, this formula must be evaluated in gridpoint space. In a spectral GCM, where vorticity and divergence D are used as prognostic variables, it is advantageous to express ٌ ͑22͒
The friction terms H 1 and H 2 are principally of the same order of magnitude. Nevertheless, H 2 is commonly ignored. The third term on the rhs of Eq. (17), H 3 , is negligible according to shallow atmosphere scaling. However, it might become important if we reformulate our horizontal diffusion scheme using a terrainfollowing vertical coordinate (see section 3). The frictional heating associated with H can be written analogously to Eq. (12):
Expressions very similar to Eqs. (17)- (23) are obtained when we adopt the zero-trace form of the strain tensor:
When expressing the conventional momentum diffusion [Eq. (18)] in spectral space, we see that horizontal divergence is damped about twice as strong as horizontal vorticity (Becker 2001 (Becker , 2003b . For the corresponding zero-trace formulation [Eq. (25) ], vorticity and divergence have the same damping constants. This method is therefore expected to support the development of internal gravity waves and may be preferred in high-resolution simulations intended to explicitly describe gravity waves (Hamilton et al. 1995 Koshyk and Hamilton 2001; Becker and Fritts 2006) . The former method, on the other hand, improves the consistency in low-resolution climate runs (Becker 2003a) , where gravity waves need to be suppressed because their effects cannot adequately be resolved.
For harmonic diffusion, the horizontal diffusive flux of sensible heat is represented, as usual, by
where c p is the heat capacity at constant pressure and P r is the Prandtl number that is used to scale the heat diffusion relative to the momentum diffusion. Note that the exact evaluation of the horizontal convergence of Eq. (30) leads to additional terms just as in the case of momentum diffusion:
Again, the term that invokes ١K h (i.e., q 2 ) is usually ignored in GCMs with nonlinear horizontal diffusion, and the last term on the rhs of Eq. (31), q 3 , may become important in other coordinate systems. If K h0 is used instead of K h , the corresponding definitions for J h0 , q h0 , q 10 , q 20 , and q 30 are analogous to Eqs. (30) and (31).
Representation in a vertical-hybrid-coordinate system
The method of Simmons and Burridge (1981) to use a terrain-following vertical coordinate that approaches pressure surfaces in the upper troposphere and farther above has become a standard method in both global and regional atmospheric circulation models. The question arises of how to modify the horizontal diffusion scheme described in the previous section for use with such a vertical-coordinate system in order to maintain its consistency with first principles of hydrodynamics. In Becker (2003a,b) an approximate method was proposed. The idea was that the scheme derived in the z system can directly be applied in the hybrid-coordinate system, provided that the horizontal diffusion coefficient is set equal to zero in the lower troposphere, where hybrid surfaces can deviate substantially from height surfaces. The linear horizontal diffusion scheme was then to a good approximation angular momentum and energy conserving, at least on the global scale. In the present paper we propose a more rigorous method that ensures accurate energy and angular momentum conservation properties for global control volumes of finite vertical thickness in the hybrid-coordinate system.
For convenience, let us first consider horizontal diffusion of sensible heat, which in the z-coordinate system is defined by (31), or more precisely by
Here, the index z denotes that the horizontal derivatives have to be evaluated at surfaces of constant height z. It is easily seen that
with df describing the surface element spanned by d and dsin. Equation (33) states that horizontal diffusion of sensible heat does not change the total potential energy of any atmospheric layer that has horizontally uniform boundaries with respect to height z and is not intersected by topography. It is clear that a corresponding constraint must apply when we specify horizontal diffusion of heat in any other vertical-coordinate system. Here we choose the hybrid coordinate introduced by Simmons and Burridge (1981) with p͑, , ; t͒ ϭ a͑͒ ϩ p s ͑, , t͒b͑͒ ͑34͒ and ϭ 0 for p ϭ 0 and ϭ 1 for p ϭ p s ,
͑35͒
where p is pressure and p s surface pressure. The functions a() and b() are prescribed. On the lowest half level, a ϭ 0 and b ϭ 1 so that the level follows exactly the topography. The coefficient b monotonically decreases with increasing height whereas a attains a maximum in the midtroposphere. In the middle atmosphere we have a k bp s , which means that model layers correspond approximately to pressure levels. Invoking hydrostatic balance, the finite-difference analog of Eq. (33) yields in the hybrid-coordinate system:
͑36͒
Here, the index l enumerates full model layers, running from l ϭ 1 for the uppermost layer to l ϭ lev for the lowermost one. The associated pressure increments are given by 
where ١ denotes the horizontal gradient operator at surfaces of constant hybrid coordinate. In other words, we have substituted
for the diffusive horizontal flux density of sensible heat multiplied by the height increment ⌬z. Accordingly, the following variables are redefined:
where all derivatives of the horizontal velocity field, including l ϭ e z · (١ ϫ v l ) and D l ϭ ١ · v l , are computed along surfaces of constant . The modifications of momentum diffusion and dissipation tendencies in the hybrid-coordinate system are
To prove energy conservation we consider the rate of change of kinetic plus thermal energy that is generated by horizontal momentum diffusion and dissipation at a full model layer and integrate by parts:
͑45͒
Likewise, the rate of change of zonal angular momentum due to horizontal momentum diffusion yields for a full model layer:
The first term on the rhs of Eq. (46) evidently vanishes. Due to the symmetry of S hl and the derivatives ‫ץ‬ x e x ϭ a Ϫ1 e (tane y Ϫ e z ) and ‫ץ‬ y e x ϭ 0 also the second term on the rhs of Eq. (46) is zero. Hence, angular momentum is not changed due to horizontal diffusion:
Equations (36), (45), and (47) hold equally for the stress-tensor formulation with zero trace.
Summarizing, the nonlinear horizontal diffusion scheme as defined in the previous section can be directly applied in a hybrid-vertical-coordinate system. We merely have to substitute all horizontal derivatives along surfaces of constant z by the corresponding derivatives along surfaces of constant and, in addition, 
The modified forms of heat and momentum diffusion [Eqs. (38) and (43)] in the hybrid-coordinate system are similar to the diffusion tendencies proposed by Gordon and Stern [1982, their Eqs. (49) and (56)] for coordinates. Note that our modified nonlinear diffusion scheme precisely conserves energy and angular momentum on the global scale only. Still it is questionable whether application of any horizontal diffusion is reasonable in regions of steep orography. Therefore, for climate simulations (section 4b) we set the horizontal mixing length l h () equal to zero in the lower troposphere. Only for the life cycle experiments (section 4a), where we do not prescribe any orography, we use a height-independent mixing length l h .
Numerical experiments with a simple GCM
In this section we test the proposed formulation of nonlinear horizontal diffusion in a simple general circulation model, the Kühlungsborn Mechanistic General Circulation Model (KMCM), which has extensively been described in Schmitz (2001), Becker (2003b) , and Körnich et al. (2003) . KMCM has been modified so that all tendencies owing to horizontal diffusion and dissipation are computed in gridpoint space. All horizontal derivatives required by the diffusion scheme are obtained using the spectral transform method.
In the following we first inspect baroclinic life cycle experiments in order to validate energy and angularmomentum conservation independently from any other physical parameterization. Then we deal with the model climatology in perpetual January simulations and discuss the spatial distribution of the simulated horizontal and vertical diffusion coefficients and the associated frictional heating rates in the upper troposphere. This is done by using the nonlinear or the linear horizontal diffusion scheme and tuning the mixing length or the diffusion coefficient such as to reproduce the observed time-mean large-scale circulation.
a. Life cycle experiments
We follow Simmons and Hoskins (1978) and compute the temporal evolution of a baroclinic wave in a mechanically and thermally isolated model atmosphere, that is, in an atmosphere where horizontal diffusion is the only physical parameterization. Such a model atmosphere exchanges neither angular momentum nor energy with the surroundings. Becker (2001 Becker ( , 2003b showed that linear harmonic horizontal diffusion formulated via the symmetric stress tensor [Eq. (5)] complies with these constraints. Here we ask to what extent the proposed nonlinear scheme is angular momentum and energy conserving as well.
In particular, we monitor relative and ⍀-angular momentum, associated with the earth rotation, global energies, and energy conversion rates due to diffusion and frictional heating for different setups of the horizontal diffusion scheme. Each simulation is carried out using T42 spectral resolution and 30 equally spaced hybrid levels. A globally uniform horizontal mixing length squared of l 2 h ϭ 7 ϫ 10 9 m 2 is assumed along with P r ϭ 5 and S 2 hmin ϭ 10 Ϫ10 s
Ϫ2
. The latter was chosen such as to minimize aliasing errors in the spectral transform method. The initial condition consists of a thermally balanced zonal flow that is perturbed by the most unstable normal mode of zonal wavenumber 6. Figure 1 shows results for the so-defined control simulation that includes nonlinear diffusion and the associated dissipative heating. The solid lines correspond to total kinetic energy (TKE) and available potential energy (APE; Lorenz 1955) . To evaluate energy conservation, total energy [TKE ϩ total potential energy (TPE)] and TPE are plotted as well (dashed lines). Note that these energies include offsets to fit into the diagrams.
During the phase of baroclinic instability, TKE grows at the cost of APE while TPE changes like APE. Even before TKE reaches a maximum, the energy transfer becomes irreversible. This is evident because unavailable potential energy (i.e., TPE Ϫ APE; Lorenz 1967), gradually increases as a consequence of frictional heating. The generation of unavailable potential energy is strongest around the life cycle maximum. At the end of the life cycle, the generated unavailable potential energy is of the same order of magnitude as the total kinetic energy contained in the model atmosphere. In particular, total energy is precisely conserved.
The situation is different when frictional heating is ignored. Figure 1 includes additional results from a conventional simulation where the model was integrated as in the control case but with ⑀ h set to zero. Because TKE and APE are approximately the same as in the control simulation, these quantities are not shown for the run without dissipation. Total energy and total potential energy, on the other hand, exhibit strong deviations from the control run (cf. dotted and dashed lines in Fig.  1 ). Because no unavailable potential energy is generated due to dissipation of kinetic energy, the temporal behavior of TPE is close to that of APE. In particular, total energy is not conserved anymore when ⑀ h is ignored.
For the control simulation (including dissipative heating) Fig. 2a shows the temporal evolution of relative angular momentum L r (solid line) together with total angular momentum (dashed line). The latter is defined as L r plus ⍀-angular momentum L 0 and is plotted with an offset of ϪL 0 (t ϭ 0). Compared with the changes of L r , total angular momentum is well conserved in the life cycle experiment.
To estimate the importance of the diffusion terms that arise from ١K h (i.e., H 2 and q 2 ) or from surface pressure variations (i.e., H 3 and q 3 ) we have performed two additional life cycle simulations where H 2 ϩ H 3 and q 2 ϩ q 3 or just H 3 and q 3 have been set to zero (dotted line or thin solid line in Fig. 2b ). It appears that the terms including the horizontal gradient of K h are very important for angular momentum conservation and for energy conservation (not shown) during the life cycle. 
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The surface pressure corrections also improve the consistency of the present simulation, though their effect is rather weak since there is no orography.
b. Perpetual January simulations
In this section the response of the simulated climate to the introduction of a nonlinear instead of a linear horizontal diffusion coefficient is demonstrated. The distribution of horizontal and vertical diffusion and dissipation is analyzed and resulting changes in the internal variability patterns are shown.
1) MODEL SETUP
For perpetual January simulations the model is modified in the following way. Orography is included. The hybrid levels are unequally spaced with enhanced resolution in the lower troposphere and in the stratosphere such that the uppermost full model layer is at 0.2 mb. Radiative heating is mimicked by temperature relaxation toward a zonally symmetric equilibrium temperature. Moist convective heating in the deep Tropics is represented by a prescribed additional heating, and latent heating in the midlatitudes is accounted for by selfinduced condensational heating. The equilibrium temperature and heating functions applied in the present model version differ slightly from those in previous versions of KMCM due to the different resolution used.
Boundary layer mixing is realized by using the local scheme described by Holtslag and Boville (1993) along with the energy-conserving vertical discretization of Becker (2003a) . A prescribed vertical diffusion coefficient is added in the stratosphere with a maximum value of 10 m 2 s Ϫ1 in the uppermost layer.
We have tuned the two diffusion schemes so that the model simulates the observed northern winter hemispheric circulation well [for an analysis of the climatology of KMCM see Becker and Schmitz (2001) and Kör-nich et al. (2003) ]. In the nonlinear diffusion run, the horizontal mixing length squared is l h gradually decreases to zero (i.e., there is no horizontal diffusion below ϭ 0.75). ⌻his slope has been introduced because horizontal diffusion on hybrid levels is not adequate in regions of steep orography and because the enstrophy cascade is generally not relevant in the lower troposphere. The other parameters are S 2 hmin ϭ 0.4 ϫ 10 Ϫ10 s Ϫ2 and P r ϭ 5. The reflection of planetary waves at the model top is controlled by adding a linear horizontal diffusion coefficient in the stratosphere, which increases from zero to 2.3 ϫ 10 6 m 2 s Ϫ1 between ϭ 0.06 (60 hPa) and the top level at ϭ 0.002 (0.2 hPa). In our linear diffusion run, the horizontal mixing length squared is zero everywhere and a linear diffusion coefficient of K h ϭ 6.5 ϫ 10 4 m 2 s Ϫ1 is used instead. This coefficient decays in the lower troposphere like l Because the model is run at T42 horizontal resolution, baroclinic disturbances and their feedback on the large-scale flow are well resolved. After equilibration of the model climatologies, each setup has been integrated for another 2160 days. Model data have been sampled as snapshots every 12 h. Differences between the two model simulations have been analyzed for significant changes due to the change in the horizontal diffusion scheme. Differences are assumed to be significantly larger than zero when they exceed a certain threshold associated with a 95% confidence interval according to the two-sided t-test statistic. The number of independent samples has been calculated accounting for serial dependence in the time series (Wilks 1995) .
2) NONLINEAR VERSUS LINEAR HORIZONTAL DIFFUSION: HORIZONTAL CROSS SECTIONS
There exist a number of statistically significant differences between the two simulations. In the following we discuss changes in the internal variability and the efficiencies of horizontal and vertical dissipation. Figures 3a,b show the climatological zonal wind at 300 hPa for the nonlinear and the linear diffusion run. Both simulations reproduce the strength and location of the major northern winter hemispheric jets. Figures  3c,d show the associated diffusion coefficients K h of the nonlinear and linear diffusion scheme at the 370-hPa level, where the zonally averaged nonlinear K h is strongest (not shown) and maximizes in the areas of the storm tracks. In the climatological mean the uppertropospheric horizontal diffusion coefficient of the nonlinear scheme is between 50% and 80% smaller than the coefficient in the linear diffusion run. These differences are mainly because the constant diffusion coefficient in the linear diffusion run needs to be strong enough to damp the flow sufficiently at times and in regions of high baroclinic activity. The horizontal diffusion coefficient in the nonlinear diffusion run, on the other hand, is proportional to the horizontal shear and may be at times of high shear stronger but will usually be smaller than the constant coefficient in the linear diffusion run.
In both runs dissipative heating owing to horizontal momentum diffusion ⑀ h exhibits pronounced local maxima over the northeastern oceans. Figure 3e shows the resulting dissipation for the nonlinear diffusion run. This heating is nearly everywhere significantly smaller than in the linear diffusion run (Fig. 3f) , except over the eastern Atlantic and western Europe, where changes do not exceed the statistical significance level of 95%.
In the upper troposphere, the smaller K h and ⑀ h in the case of nonlinear horizontal diffusion are accompanied by a stronger vertical diffusion coefficient K z and dissipation ⑀ z (Fig. 4) . (Note that the boundary layer parameterization with an asymptotic mixing length of 30 m for the vertical diffusion coefficient is also relevant in the upper troposphere.) In particular, both K z and ⑀ z are significantly enhanced in the regions of maximum internal variability over the eastern oceans. Apparently nonlinear diffusion allows for a stronger excitation of internal gravity waves, which are then damped by vertical diffusion since they have smaller vertical wave lengths than baroclinic waves. This interpretation is further supported by Fig. 5 , which shows the transient kinetic energies at 300 hPa associated with the divergent part of the flow, which may be regarded as a proxy for resolved gravity wave activity. This activity is clearly stronger in the nonlinear diffusion run, and the effect is most prominent over the eastern Atlantic. Figure 6 illustrates the simulated transient kinetic energy patterns. In the nonlinear diffusion run the two elongated maxima of the transient kinetic energy, KEЈ, are captured (Fig. 6a) , the latter extending from the central North Pacific to western Canada and from the western North Atlantic to western Europe (Roeckner et al. 1992, their Fig. A33a ). Figure 6b reveals that the unfiltered KEЈ is in the midlatitudes significantly stronger in the nonlinear diffusion run, except in the Atlantic area where KEЈ is partly even reduced. The increase of KEЈ over the continents is mainly due to a statistically significant increase in high-frequency variability (locally up to 20%) with time scales of up to 10 days comprising mainly baroclinic disturbances (not shown). The low-frequency variability (with periods longer than 10 days) in the Pacific basin is significantly increased and shifted northward, whereas in the area of the Atlantic the low-frequency variability is decreased (not shown). Thus, we conclude that the patterns of internal variability depend on the choice of the diffusion scheme. Nonlinear diffusion supports a prolongation of the storm tracks over the continents and has regionally varying effects on the low-frequency variability.
3) KINETIC ENERGY SPECTRA Kinetic energy spectra as defined by Koshyk et al. (1999) and averaged between 500 and 200 hPa are shown in Fig. 7 for different model setups. In the nonlinear and linear diffusion run (black and gray solid lines in Fig. 7a ), the n Ϫ3 slope is prominent for synoptic scales between n ϭ 10 and 20. For n Ͻ 25 the absolute energies compare well to those derived by Koshyk et al. (1999) from different comprehensive GCMs for January (see their Fig. 1a) .
Both the nonlinear and the linear harmonic schemes are not capable of simulating the n Ϫ3 slope at the highwavenumber end of the spectrum. We have done a number of tests, finding that this deficiency neither depends on the horizontal or vertical resolution nor on other model parameters or parameterizations. To further demonstrate this general shortcoming we have repeated the nonlinear run with a T85 horizontal resolution while all other model parameters, in particular the horizontal mixing length, are the same as in the corresponding T42 run. The T85 energy spectrum (dotted line in Fig. 7a) shows the n Ϫ3 slope for n between about 10 and 50. At smaller scales the spectrum flattens and increases for n Ͼ 75. In this context it is worthwhile to note that the SKYHI model, which includes a nonlinear harmonic scheme according to Eq. (2), displays a similar behavior, depending on the procedure by which the spectrum is diagnosed (Koshyk and Hamilton 2001 , see their Fig. 2) .
The flattening of the energy spectrum for the highest wavenumbers suggests that harmonic diffusion is not capable of adequately parameterizing the simultaneous dissipation of enstrophy and energy at unresolved scales. On the other hand, a hyperdiffusion can easily be adjusted to yield the desired behavior in quasigeostrophic models (Tung and Orlando 2003) , in a comprehensive GCM (e.g., Boville 1991) , and in the present model. In our hyperdiffusion run with KMCM (see the dotted line in Fig. 7b) , l 2 h was set to zero and instead the following spectral damping coefficients 
͑52͒
were applied to horizontal vorticity, as well as to horizontal divergence and temperature after multiplying by 2 and 0.2, respectively. We also had to slightly retune the latent heating parameterization in order to maintain a realistic simulation of the time-mean large-scale circulation.
In the scaling theory of two-dimensional turbulence (e.g., Salmon 1998, his chapter 4), the n Ϫ3 spectrum can be derived when Prandtl's mixing-length assumption is applied to the dissipation of enstrophy. Smagorinsky's nonlinear harmonic diffusion should therefore be adequate to parameterize the dissipation of enstrophy at unresolved scales in atmospheric models. Nev- ertheless, an application of the scheme can be problematic as a result of a net energy cascade, which accompanies the enstrophy cascade, and particularly due to unbalanced ageostrophic motions. These issues were extensively discussed by Tung and Orlando (2003) , Smith (2004), and Tung (2004) . Unbalanced ageostrophic motions are mainly connected with gravity waves, for which the horizontal divergence D is an adequate proxy (O'Sullivan and Dunkerton 1995) . We therefore supplemented the nonlinear horizontal diffusion scheme by an additional hyperdiffusion of D, using the damping coefficients
else.
͑53͒
In this nonlinear hyperdiffusion run all other model parameters were kept up as in the hyperdiffusion run. The resulting energy spectrum deviates from the n Ϫ3 slope only for n Ͼ 35 (gray line in Fig. 7b ). This result strongly suggests that the high-wavenumber ends of the spectra in Fig. 7a reflect an overestimation of unbalanced ageostrophic motions at the smallest resolved scales, rather than a deficiency of the Smagorinsky scheme to deal with quasigeostrophic flow. Accordingly, in order to yield an adequate energy spectrum Smagorinsky's scheme may be extended so that diffusion is enhanced when the horizontal divergence D is strong. An empirical extension of Eq. (13) is
The corresponding modification of K h0 , for which the trace of the strain tensor is zero [Eq. (14) ], is analogous. The extended nonlinear diffusion coefficients require some straightforward changes of Eqs. (20) and (25) in order to maintain the conservation properties. In a correspondingly extended nonlinear diffusion run we have used Eq. (54) with l h ϭ 8.0 km and D min ϭ 2 ϫ 10 Ϫ6 s
Ϫ1
. All other parameters were again the same as in the hyperdiffusion run. The resulting energy spectrum (black line in Fig. 7b ) is similar to the spectrum in the nonlinear hyperdiffusion run and it is even improved for the smallest scales. The hyperdiffusion run shows more energy at synoptic scales between about n ϭ 10 and 20 and less energy for n Ͼ 35 (cf. the black solid and dotted lines in Fig. 7b ). Therefore hyperdiffusion compared with our extended nonlinear diffusion has the advantage of being more scale selective, but at the expense of physical consistency. FIG. 7 . Time-mean horizontal kinetic energy spectra averaged between 500 and 200 hPa in perpetual January simulations. (a) In T42 resolutions using the nonlinear and the linear horizontal diffusion scheme (black and gray solid line, respectively), as well as in a T85 simulation using the nonlinear scheme (dotted line). (b) In T42 resolutions using the extended nonlinear scheme according to Eq. (54) (black solid line), using the nonlinear scheme supplemented by a hyperdiffusion of horizontal divergence according to Eq. (53) (gray solid line), and using a hyperdiffusion according to Eq. (52) instead of the nonlinear diffusion (dotted line). The dashed gray lines indicate the n Ϫ3 slope.
4) GLOBAL BUDGETS
An evaluation of the angular momentum and energy budgets for control volumes extending from the bottom to the model top and from the South Pole to some latitude farther north confirm the conservation properties of the diffusion-dissipation schemes (for details see Becker 2003a ). These budgets compare the northward fluxes of relative angular momentum and total enthalpy with the integrals of the mountain and frictional torques and with the integrals of the diabatic heating rates due to differential heating, respectively (see also Lorenz 1967 , his chapter IV). Similar to the experiments analyzed in Becker (2003a) , the spurious global torque is negligible in all of our experiments, as it should be.
The spurious heating, defined as globally integrated and temporally averaged external diabatic heating (temperature relaxation, condensational heating, and sensible heating) should ideally vanish. However, because of parameterization errors, as well as numerical or aliasing errors, this is usually not the case in a global circulation model. The spurious heating should be compared to the approximate energy flux rate associated with the Lorenz energy cycle. According to Oort (1964) , this rate is about 2 W m Ϫ2 for planetary and synoptic scales. As summarized in Table 1 , the simulated spurious heating is about two orders of magnitude smaller than 2 W m Ϫ2 in all our experiments without any hyperdiffusion. Furthermore, the global integral of ⑀ h ϩ ⑀ z yields approximately that value in these runs. The spurious heating amounts to 0.19 or 0.38 W m Ϫ2 if horizontal diffusion in the upper troposphere is accompanied or substituted for by some hyperdiffusion (nonlinear hyperdiffusion and hyperdiffusion run).
Conclusions
The replacement of the linear by the nonlinear harmonic horizontal diffusion scheme allows for a consistent representation of momentum and thermodynamic tendencies while reducing the degree of damping of the large-scale flow. For this reason we have elaborated Smagorinsky's idea of a nonlinear horizontal diffusion coefficient (Smagorinsky 1963 (Smagorinsky , 1993 by providing the complete set of wind tendencies [Eqs. (17) , (19), (20), (24)- (26), (48), and (49)], as well as temperature tendencies owing to frictional heating [Eqs. (23) and (29)] and horizontal diffusion of sensible heat [Eqs. (30) , (31), (50), and (51)]. Surface pressure corrections have been proposed that ensure precise global conservation properties on hybrid surfaces in GCMs that adopt the vertical differencing method of Simmons and Burridge (1981) .
The consistency of the new formulations has been tested in life cycle experiments. We have demonstrated that during a life cycle the loss of kinetic energy is compensated for by an increase in unavailable potential energy so that total energy is conserved. The increase in unavailable energy is mainly caused by dissipative heating. Therefore, energy is only conserved when accounting for this process (Fig. 1 ). To comply with the conservation laws, the wind tendency that results from applying the strain tensor to the gradient of the diffusion coefficient can by no means be neglected. Also the proposed pressure correction term has a notable influence, even though its effect is very small in a calculation without orography.
With a mechanistic GCM (KMCM), driven by differential heating and comprising a local boundary layer scheme, we have performed two perpetual January simulations using either the nonlinear horizontal diffusion scheme or the corresponding linear scheme. In both experiments, the tuning of the horizontal mixing length or the diffusion coefficient is such that the simulated time-mean large-scale circulation is as observed. The simulations show that the introduction of nonlinearity in the diffusion coefficient changes the distribution of dissipative heating or the variability patterns due to more spatially and temporally localized damping. The associated nonlinear horizontal diffusion coefficient and dissipative heating are largest in the storm track areas and are generally weaker than their linear (Fig. 3) . In contrast to the weakened horizontal diffusion and dissipation when using nonlinear horizontal diffusion, the vertical diffusion coefficient and the frictional heating owing to vertical momentum diffusion are significantly enhanced in the extratropical upper troposphere (Fig. 4) , indicating enhanced gravity wave activity (Fig. 5) . Also the patterns of internal variability exhibit statistically significant differences due to changing the horizontal diffusion scheme (Fig. 6) . Using the nonlinear formulation, transient eddy kinetic energy is increased in the midlatitudes except in the Atlantic area. This change in the variability pattern results from an increased high-frequency variability over the continents and enhanced (reduced) low-frequency variability over the Pacific (Atlantic). The gravity wave-supporting property of nonlinear horizontal diffusion may be of importance in highresolution simulations intended to explicitly describe gravity wave effects in the middle atmosphere (e.g., Hamilton et al. 1995 Hamilton et al. , 1999 Koshyk and Hamilton 2001; Becker and Fritts 2006) . It should however be noted that the generation of gravity waves in the present lowresolution model version is overestimated, as is indicated by an insufficient damping of the small-scale end of the kinetic energy spectrum (Fig. 7) . Even though a mixing-length-based horizontal diffusion parameterizes the dissipation of enstrophy in two-dimensional turbulence, it can result in a buildup of energy at the smallest spatial scales in the presence of unbalanced ageostrophic motions. This deficiency can at least partly be corrected for by an extension of Smagorinsky's scheme, which allows us to deal with unbalanced ageostrophic motion while still remaining consistent with first principles. Such a modification is analogous to extending Prandtl's boundary layer diffusion by a Richardson criterion (e.g., Holtslag and Boville 1993) . In the present paper we have tested an ad hoc method to provide an extended nonlinear horizontal diffusion coefficient [Eq. (54) ], which proved to work sufficiently well. Nevertheless, it may be desirable to derive a more physically based extension of the scheme.
Future work will concentrate on testing the proposed nonlinear horizontal diffusion scheme in a mechanistic GCM with high spatial resolution in order to study gravity waves. Furthermore, we plan to test our extended nonlinear scheme in a comprehensive climate model with complex physical parameterizations in order to analyze its implications for climate sensitivity simulations.
